Abstract. Let M be a Riemannian manifold with asymptotically non-negative curvature. We study the asymptotic behavior of the energy densities of a harmonic map and an exponentially harmonic function on M . We prove that the energy density of a bounded harmonic map vanishes at infinity when the target is a CartanHadamard manifold. Also we prove that the energy density of a bounded exponentially harmonic function vanishes at infinity.
Introduction
Liouville type theorems for Riemannian manifolds have been studied for a long time. It turned out that they work well especially in the case of non-negative Ricci curvature of the domain manifold ( [3] , [4] , [6] ). On the other hand, if the domain manifold has negative curvature, they does not hold in general any more ( [1] , [2] ). The condition of the domain manifold in this article is in between.
We deal with the manifolds having asymptotically non-negative Ricci curvature as the domain manifolds. Precisely, let M be a complete noncompact Riemannian manifold and x 0 be a point in M . Denote r by the distance function of M from x 0 . Then M has asymptotically nonnegative Ricci curvature is defined that Ric M (x), the Ricci curvature of M , satisfies that Ric M (x) ≥ −k(r(x)), where k : R Next, we prove the similar theorem for exponentially harmonic functions. The notion of exponentially harmonic maps was first posed by J. Eells. The exponential energy of a map φ :
and φ is exponentially harmonic if it is a smooth extremal of the exponential energy functional E. But in the case of exponentially harmonic functions, as we can see in [6] , the sectional curvature of the domain manifold should be controlled to get a proper result. Asymptotically non-negative sectional curvature is similarly defined as the following: M is said to have asymptotically non-negative sectional curvature if there is a nonincreasing function k : R Both of Theorem 1.1 and Theorem 1.2 were proved in the case that M has non-negative Ricci curvature and non-negative sectional curvature in [3] and [6] respectively. In fact, they proved in those papers that the energy densities are constantly 0, hence the maps are constant. But in our case, the classical Liouville theorem cannot be expected. The bounded harmonic functions on a connected sum of S n−1 × [0, ∞)'s (smoothing at 0 in any way) would be the counterexamples.
But in Theorem 3.2, we prove that asymptotically constant bounded harmonic maps should be constant on M .
Preliminaries
To make this article self-contained, we recall the basic tensor formulas which are used in this article.
Choose local orthonormal frames {e α } in a neighborhood of x ∈ M and {f i } in a neighborhood of u(x) ∈ N . Let {θ α } and {ω i } be the dual coframes of {e α } and {f i } respectively. The connection forms {θ αβ } and {ω ij } are defined by
Define u iα by the equation
and
is the energy density of u. The covariant derivatives u iαβ is defined by the equation
Then u is harmonic if and only if u iαα = 0 for all i. The Bochner type formula for a harmonic map u is given by (2.1)
where R N ijkl is the curvature tensor of N and Ric M αβ is the Ricci tensor of M .
Let f be any smooth function defined on N . Then for a harmonic map u,
For the exponentially harmonic functions, let Q
Applying ∇ k to the above equation, we have
Since
we have the Bochner type formula for an exponentially harmonic function,
For a function f on R, we have
Asymptotic behavior of harmonic maps
For an arbitrary point z ∈ M , let 2a be the distance from x 0 to z and γ : [0, 2a] → M be a geodesic with γ(0) = x 0 and γ(2a) = z. Now consider the ball B z (a) around z with the radius a. By the triangle inequality, the distance between x 0 and each point in the ball is greater than a, which means that the Ricci curvature has a lower bound −k(a) in the ball. Denote s by the distance function of M from z. For the target manifold N , let y 0 ∈ N lie outside u(M ) and ρ denote the distance function of N from y 0 . Since u has a bounded image in N , we can take
Φ is actually defined in the moving balls. But it is essentially the same function as appeared in [3] if we regard z ∈ M above as a fixed point, so we can use similar calculation as in [3] by considering that −k(a) is the lower bound of the Ricci curvature in B z (a), which is shown in Proposition 3. 
wherex is a maximum point of Φ in B γ(2a) (a) and C m is a constant depending only on the dimension of M .
Proof. Since Φ vanishes on the boundary of B γ(2a) (a), Φ assumes its maximum at a pointx in the interior of the ball. By the maximum principle, at the pointx we have
They are actually calculated as
The following formulas enable us to convert the above into an inequality not containing the second derivative terms of u.
First, the equation (3.1) gives
The Bochner formula and Schwartz inequality give
And the Hessian comparison theorem with the curvature assumption implies
Finally applying these estimates to the above inequality (3.2), we can get the following quadratic inequality with respect to the energy density:
And this is followed by the upper bound of Φ in terms of s and k(a) up to multiplying by constant which depends only on the dimension of M . Precisely,
Since Φ(x) ≤ Φ(x) for all x ∈ B γ(2a) (a), it completes the proof. 
Combining this inequality and Proposition 3.1, we have
where
β . Now at every z with r(z) = 2a ≥ 2,
Note that the constant C here does not depend on r(z). So we have that |∇u(z)| → 0 as r(z) → ∞.
It is known that there can be infinitely many bounded harmonic maps from M to N in general. Now we are interested in finding out how the asymptotic behavior of u determines properties of u on the whole domain. The following theorem tells that if u(x) goes to a constant point y 0 ∈ N as r(x) → ∞, then u should be constant. For the sake of completeness, let us define a parabolic end by an end of M which does not admit any positive Green's function satisfying the Neumann boundary condition on the boundary of the end, and define a nonparabolic end otherwise. Assume that M has at least one nonparabolic end, and lim r(x)→∞ u(x) = y 0 only on the nonparabolic ends. We claim that |∇u| 2 + f has its maximum at the infinity of a nonparabolic end unless it is constant. In fact, by the same argument in [8] , the maximum cannot be attained at the infinity of a parabolic end unless it is constant. Namely otherwise, max M [|∇u|
+ f ] will be a positive superharmonic function on the parabolic end attaining its minimum at the infinity. But a parabolic end does not admit such a function ( [7] ). It is a contradiction. So |∇u| 2 + f attains its maximum at the infinity of some nonparabolic ends. But f = 0 at the infinity of every nonparabolic end, so sup M [|∇u|
Now if we impose that M has finite volume, then we can recover a classical Liouville type theorem. Before we state the theorem, recall that the following special case of theorems in [9] . Proof. See [9] . 
Hence |∇u| 2 + f i is non-negative subharmonic functions on M . On the other hand, since |∇u|
So by Proposition 3.3, we have
By subtracting, we have
Asymptotic behavior of exponentially harmonic functions
Here the situation is similar to the case of Theorem 1. 
And they are
Now we will replace all the terms including Q ij in the above inequality (4.2) by the next four formulas. First we have
The Hessian comparison under the sectional curvature condition gives
With the curvature assumption again we have the following Bochner type formula for exponentially harmonic functions in B γ(2a) (a): 
